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1 Preliminaries

1.1 Functions

4
1. Graph the functions f(x) = T and g(z) = — — 1 together, to identify values of x
x

2
for which
E > % _ 1
2 x '

Confirm your answer by solving the inequality algebraically.

2. Plot all points (z,%) on the plane that satisfy x? + y* + 2z — 4y — 14 = 0. Explain
why it is not the graph of any function.

3. Find all real numbers x satisfying

2% 4 o= — 3

4. Determine whether each of the following statement is true or false.

(a) "V = e + e¥ for all real numbers x and y

(b) In(z +y) = (Inz)(Iny) for all z,y > 0

(c) € = e” + ¢¥ for all real numbers x and y

(d) In(z¥) = (Inx)Y for all z,y >0
)
) 5

If h(z) = f(x)g(x), then I'(x) = f'(x)g'(x).
d

(S

(
(f) ——(27) = 227

(g) /lnxdxzi%—c

1.2 Limits and Derivatives

1. Evaluate the following limits

2 — In(e + ¢
(a) lim 2= V7 (d) lim 2
z—4 4 — 2 t—0 et
. 2928 2P -8
(b) I 7 () Jim, 7T

2 1
(c) 110(215 t2+2t)

d
2. Use first principles to find d_y of the following functions.
x

(a)y:x3—4x (C)y:

6
I
(b) y=3—2yx (d)yZE



Find the first derivative of the following functions.

(a) f(z) =In(2"™ +e") d) u(z) = ————==
AN O
(b) g(z) = m (©) () =In (1 +IL’2)87
(¢) h(z) = ze/* + In(2z) ”

NG

d
Ift=(x+1)(x+2)*(x+3)> and Int = €¥, find d—y in terms of z only.
T

dy
dx ’

=T

Suppose f'(2) =13, g(7) =2 and ¢'(7) = 53. If y = f(g(z)), find

Suppose y = f(x) is a smooth function. Determine whether each of the following
statements is true or false.

(a) If f is increasing, then f”(x) > 0 for all x.
(b) If f'(x) > 0 for all z, then f(x) > 0 for all .
(c) If f'(x) > 0 for all z, then f’ is increasing.
(d) If f(z) > 0 for all z, then f'(x) > 0 for all .
)

(e) If f/(3) =0, then f must have a maximum or a minimum at z = 3.

Applications of Derivatives

. If L is a tangent line to the graph y = 22 + 3, and the z-intercept of L is 1, find all

possible points at which L touches the graph of y = 2 + 3.
The position z of a particle at time ¢ is given by
z=t+at> +bt +c

for some constants a, b, c. It is known that when ¢ = 0, the particle is at position
x = 0; also, there is a certain time ty such that the velocity and acceleration of the
particle are both zero at time ¢y, and at time ¢, the particle is at position x = 1.
Find the values of a, b and c.

. Water is being drained, at a constant rate of 1/4 cubic meter per hour, from the

bottom of a container that takes the shape of an inverted regular cone. The radius
of the base of the cone is 3 meters, and the height of the cone is 2 meters. What is
the rate of change of the depth of the water, when the water is 1 meter deep?

1
Let C be the curve y = — 4+ 2. Note that P = (1,2) and @ = (0.5,2.5) are two
T

points on C.

(a) Find equations of the tangent and normal to C' at the point P.
(b) Show that the tangent to C' at the point () passes through the point A = (0,4).



5. A water container is made in the shape of a right circular cone, with its axis perpen-
dicular to the ground and its apex at the bottom of the container. The axis subtends
an angle of 30° with the (conical) surface of the container. Water is flowing out of
the cone through the apex at a constant rate of m cm?® per second.

(a) Suppose that when the depth of water is h cm, the volume of water in the
container is V' cm?3. Express V in terms of h.

(b) How fast is the water level falling when the depth of water is 4 cm?

2 4
6. Let C be the curve given by the equation y = r oz
1+z 3
(a) Find the z- and y-intercepts of the curve C.
(b) Find ¥ and sh that LY a here a, b are int h ti
ind —= and show that — = ———— where a, b are integers whose respective
dx de?  (1+2x)’ s P

values you have to determine.

(c¢) Find the turning point(s) of the curve C.

For each turning point, determine whether it is a (relative) maximum or a
(relative) minimum point.

(d) What are the asymptotes of the curve C| if any?
(e) Sketch the curve C for —1 < x < 3.

2
. x*+kr+9 . . .
7. The function f(z) = a1 where £ is a constant, attains a stationary value
x
at v = 3.

Consider the curve C given by y = f(z).

(a) Determine the value of k.

(b) i. Find the z- and y-intercepts of the curve y = f(z).

ii. Find the (relative) maximum and (relative) minimum points of the curve

C.
iii. What are the asymptotes of the curve C, if any?

(c) Sketch the curve C for —6 < x < 6.
8. Let ¥ be a sphere with (fixed) radius R.
(a) Suppose I' be a right circular cylinder inscribed in the sphere X, with height

h, radius r, volume V' and surface area A.

i. Express V' in terms of » and R alone.
ii. Express A in terms of r and R alone.

(b) What is the largest possible value of V7
(c) What is the largest possible value of A?

9. Let 8 € (1,4+00). Let f : (0,4+00) — R be the function defined by f(z) =
2’ + B —1— Bz for any x € (0, +00).



(a) i Compute f’.
ii. Show that f is strictly decreasing on (0, 1].
iii. Show that f is strictly increasing on [1,400).
iv. Determine whether f attains the maximum and/or the minimum on (0, +00).

(b) Hence, or otherwise, show that (14 7)? > 1+ fr for any r € (=1, +00).

1.4 Integration

1. Evaluate the following indefinite integrals.

(a) / (3 — 22)da (0) / ‘”\/21 do (d) / (875— ;) dt

(b) /x2(5 —z)tdw

2. Use a suitable substitution to evaluate the following integral.

@ | \/Qd—fim @ [T s © [

e N E = N e
(c) / \/%ﬂdx (f) / ve " dx

3. Evaluate the following definite integrals.

[ o ot [ G
(b) /lemdx

4. Find the area of the regions bounded by the graphs of the given functions.

(a) y =4 — 2% r-axis (d) y = 2% y =2 — 2; r-axis
(b) y=3—-2%y=—2—3 (e) y=+x; y =12 —2; z-axis

d
5. The slope at any point (z,y) of a curve C' is given by d_y = 4 — 2x and C passes
x
through the point (1,0).

(a) Find an equation of the curve C.

(b) Find the area of the finite region bounded by the curve C' and the z-axis.

6. The slope of the tangent to a curve C' at any point (z,y) on C is ? — 2. C passes
through the point (3,4).



(a) Find an equation of the curve C.

(b) Find the coordinates of the point on C' at which the slope of the tangent is —2.
. The curve y = 2*
where a < 0 < b.

— 2% — 2x cuts the z-axis at the origin and the points (a, 0), (b, 0),

(a) Find the values of a and b.
(b) Find the total area of the region bounded by the curve and the z-axis.

d 1
. The slope at any point (x,y) of a curve C' is given by d_y = 6z + —;, where z > 0.
x x

Suppose the curve C' cuts the z-axis at the point (1,0). Find its equation.



2 Differentiation

2.1 Graphs of Functions

1. Sketch the graphs of the following functions.

(a) f(l’): 2 _4x -5 (J) f(l‘) ef —e’”
(b) f(r)=a® —4a T 1
() f(x) = a® +a? — 5z +3 ((li ;E“’; - +ln§x+2; 9”;_2
1 x n(r— x
d T) =2+ —
@) fla) 2;—_5109 (m) f(z) =1-—2sinzx
(e) f(x):x+3,x7é—3 (n) f(x)—?—i—czs?x )
z2 (o) f(x)=3cos(x+
f xr) = , T F 2
0) 7@ —2 4 (p) f(x) =cosz —sinz
(g) flz)=3—-vd—a? 2<2<2 (@) flx)=1+sin*z
(h) flz) = 2l (r) f(z) =1+ coszsinz
() flz)=3—¢" (5) f(z) = wcoss
2. Sketch the graphs of the following functions.
(a) f(z) =|2* =22 — 3| (d) f(z) =13~ |2* = 1]
(b) f(z) = 2% —4]z|+3 (e) f(z) =12+ 3sinz|
(¢) f(x) = llx—2] 4] (f) f(z) =2 —[sinz|

3. Sketch the graphs of the following piecewise defined functions.

20 +5, < —1 1—22, <1

(a) f(z) = { ’ (¢) flz) = {

2—-1, z>-1 Inx, r>1

r, x<-—2 l—|z+3, z<-2
(b) f(z)=q -z, —-2<x<2 (d) f(z)=142— ||, —2<x<?2

r, x>2 l—|z—=3, z>2

2.2 Limits and Continuity

1. Evaluate the following limits

o osin’zx . x?
(a) :lclgtl) r? (c) }:1—% 1 —cosz
. .9
(b) Tim sin 3x (d) lim sin” x

=0 4dx =01 — cosx



(e) lim s 933. _sindz (i) lim tan 2z tan (T —2)
=0 sin 2x T | i

(1) tim SR () Jin e —§)

() lim m:’m% 5 tim 1n(1t+ )

(h) glcii%\/l—i_tanx;g V1+sinz 0 }Lig(l)ehh_l

2. Evaluate the following limits.

20 +5 . 8T 4 a?
() Bim 53 k) i e
3z +1
b) i T 2
b) i 1 1) lim ST
(@ lim 622 + 22 — 5 e e T
C m ——
a—00 222 — 4z 4 1 (m) Tim In(2? + 2 — 1)
. 223 —5r+3 v—+oo In(2® — 2z 4+ 1)
(d) lim —————
z—o00 323 — 22 + 6 ln(xQ —+ @3x)
lim ———=
(e) lim 92;,; : _2396 +5 - W In(z? + e)
( z—too X% — 2T + ln(1—|—8’3)

T—+00 111(1 + 2%

)
lim (l‘ + V2 + 41‘) ln(l + 8:::)
)

)
) lim (V4% + 5z — 2x) (o) lim
)
)

(g
T (p) lim -
(h) lim (\/a:2+:v—|—1—\/$2—:r—|—1) =00 ln(1—|—2
Tr—r—00 .
Q) 924 — 3x 4 2 (q) lim MY
i) lim oo T
z—=too 2 —2x+5
CoS T

() lim (24 Va2 + 4x) (r) lim

2.3 Derivatives

1. For each of the following functions, determine whether it is differentiable at = = 0.

Find f/(0) if it is.
— i (b) f(z) = |sinz]| (c) f(z)=zl|z|

5 — 2z, when x < 0
22 —2x+5, whenz>0

—|—3x—x2 when z < 0
+3x+2, when x>0

e +2, when z #0

0, when z =0

||
/—/H/—/h\/—/%



. Find all values of a and b for which the function

sin x, forx <
-

ar+b, forxz>m

is differentiable at © = .

. Let .
— COS X
—, f <0
fay={
ax + b, forx >0

Find the value of a and b if f(z) is differentiable at x = 0.

. Find the first derivatives of the following functions.

(a) y=a®—4z+3 () y:sinx (s) y =In(z + 1+ 2?)
1 T
(b)y=vat 7 (k)y:ta;x (1) y=Va+ Vo
S
(e) y =sinzcosx (m) y=va'+l sinh® 2
(f) y =3secx —tanx (n) y = cos(2?) ) y= coshx
(8) y=wzcotw (0) y = we™ w) y = In(sinh x
e (5) = In(inz) )y = i)
YT a2 (q) y = esine (x) y=sin! V2
. z?+1 oz
(i) y= e (r) y= N (v) y = cos(tan™! )

5. Find the first derivatives of the following functions.

(a) y =37 (c) y=a" (e) y = (cosx)sn®
(b) y =20 (d) y=aV® (f) y = 2*

d
6. Find d—y for the following implicit functions.

T
(a) 2% +y* =4 (c) 2 +y* = 2ay (e) sin(zy) = (z +y)?
(b) a3y +ay* =1 (d) xe™ =1 (f) cos <%> = In(z +y)
%y
7. Find —= for the following functions.
dz?
(8) v = V" () y = secz () oty — 322 = 5
T
(b) y = WiEw () y=tan'zx (h) y = 3’

(C) Yy = (hlm)Z (f) 2+ y3 =1 (1) y = ALY



10.

11.

24

10

Prove that the Chebyshev polynomials

1

T (.23) - 9om—1

cos(mcos™tz), m=0,1,2,--

satisfy
(1 — 2T () — 2T, (z) + m* T (z) =0

Prove that the Legendre polynomials

1 dm N
Pm(w):de—m(ﬁ—l) m=0,1,2,---

satisfy
(1 —2*) P (x) — 2zP’ (z) +m(m + 1)Py,(z) =0
Show that the function

1
xsin —, when x # 0
x

fx) =

0, when x = 0
is not differentiable at x = 0.

Show that the function

1
x%sin —, when z # 0
fa)={""% 7

0, when z =0

is differentiable at x = 0 but f’(x) is not continuous at x = 0.

Mean Value Theorem and Taylor’s Theorem

. Using the mean value theorem to prove for 0 < y < z and p > 1,

py’H(x—y) <P —yP <paP Mz —y).

Using the mean value theorem to prove that for 0 < z; < x5 < 23 <,

sin x9 — sin xy - sin 3 — sin x
To — Iq T3 — X2 ’

Using the mean value theorem to prove that for x > 0,

T2 <In(l+4+2z) <.

Hence, deduce that for z > 0,

1 1 1
<In(14+-)<-.
1+ T T
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4. By applying the mean value theorem, prove that the equation

aq a9 Qp,
+ax® 4 Fauat = —+ =4+
a1x + asx A, T 5 3 1

has a root between 0 and 1.
5. Let f(x) be a function defined on [0, c0) such that
e f(0)=0,
e f'(z) exists and is monotonic increasing on (0, co).

Prove that
fla+b) < fla)+ f(b)
for0<a<b<a-+b.

6. Let A be a subset of R and f : A — R be a function. Suppose that there exists
L > 0 such that

|f(z) = f(y)| < Llz -yl
for any x,y € A, then f is said to be satisfying the Lipschitz condition on A.

Prove that sin x satisfies the Lipschitz condition on R.
7. Let f(z) be a function such that f'(z) is strictly decreasing for x > 0.

(a) Using the mean value theorem, show that
f(k+1) < f(k+1)— f(k) < f'(k) and k > 1.
(b) Using (a), prove that for any integer n > 2,
FRQ+ )+ 4 f(n)<fln) = f) < fW)+ [ (2 +-+ fn-1)
8. Find the Taylor polynomials of the given orders for the following functions at x = 0.

(a) In(1+ x), order = 4
(b) coshz = €= order = 6

et—e ®
2

(c) sinhx = ,order =5

9. Find the Taylor Series for the following functions at the given points.

(
10. (a) Write down the Taylor polynomial Ps(x) of degree 3 generated by f(z) =
In(1—x)at0

(b) Hence approximate In 0.99.
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11. Suppose that f : R — R is a function that can be differentiated infinitely many
times and the Taylor series expansion of f at x =0 is

ap + a1 + asx? + asxd + - - - .
(a) If f is an odd function, show that ag = as = a4 =--- = 0.
(b) If f is an even function, show that a; = a3 =a5 =---=0.

2.5 L’Hopital’s Rule

1. Use L’Hopital’s rule to evaluate the following limits.

. sindzx 1 1 . 1
1 m [ = — (m) lim x7-=
(a) 250 sin 5x (8) ili% (x et 1) z—1
sin® x 1 1 ( . In(22% — 522 4 3)
; . n) lim
(b) alcll}%) 1 —cosx (h) EE} (m T 1) z—too In(4a? 4+ 2 —7)
2sin & — sin 2 N
(c) lim S .sm & (i) lim ﬂ (o) lim zsin (l>
v oS z—0 coshx — 1 z—+00 x
1 —zcotz L -
d) im ———— o — (1 z : (_ a1 )
(d) 250 rsin () hi}% M (p) $1_1>Ifoox 5 tan™" x
(o) 1i sinhx — sinx ’ o 1”7: 5
e) lim _ — . 3
2-0 z(coshx — cosz) (k) lim - (q) $1_1>IJ£IOO£U1D (1 + x)
) im —— im TR r) lim (e* +x)=
In cos 2z NI | .

z—0 Incosx z—0+ RIS



3 Integration

3.1 Fundamental Theorem of Calculus

1. Find F'(z) for the following functions.

Y cosy e
@ Pl = [ <2y @ Fia) = [
r o 2x
o) Fl)= [ emar () Fla) = [ (nea
1 mxs
(c) Flx) = / VITEd (&) F(z) = / e
z3 ) Vinz
d) F(x :/ e du h) F(z :/
W) )= | 0 Fa=[ %
3.2 Substitution
Use a suitable substitution to evaluate the following integral.
1. /\/% 11. /tanxdm
633!7 +1 / dx
12.
2./€x+1dx 1+
x 2 99
3. / — dr 13. /x(x + 2)7dx
x
237 3 14, | —=d
xdx x
o 15, | ——=dx
> /(1—|—x2)2 /\/3x2+1_
dx x?
6. | ——— 16. /—dm
/\/E(l—f—x) V9 — 23
1 1 99
7. | —=sin—dx 17. [ 2(z 4+ 2)"dx
x?
2 xdx
. —d 18, | ——
8 /cce T / ot
*d
9. / car 19. /x\/x— ldx
2+ e

10./ d 20. /(x+2)\/mclx

et +e %
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3.3

N

w

10.
11.

12.

3.4 Reduction Formula

Prove the following reduction formulas.
1. I, = /a:”e”dx; I, =

2. I, = /sin” xdx; I, = —

Integration by Parts

/
/
|

— e S S S S S —

xdx

vVe+9

In xdx

22 1n xdx

(lnx)2
— | dx
T

5
® I
8
<
=

S
2o
Q)
e
8
QL
S

8
Q
@)
3
8
QU
8

2% sin 2xdx

I
—

xdx

=.
=

xtan~! zdx
In(z + V1 + 2?)dz
x sin® xdx

sin(ln z)dx

coszsin® ! x

22.

—_

\\\\\?\\\\\
=
&

16.
17.
18.
19.
20.
21.

22.

__n—lanzl
a

5.

5
(@)
@)

A
ot

|
=
Y

2

8
Q
@}
*n
=
=
8

S
©
©

=
=

QU

S

A
S

8
i
o
=

8
n
D
o

2(x)dx

e** cos(3x)dw

n—1

-[n—27 n 2 2

14



3 n—1 -1
3. 1, = /cos” xdz; I, = PTCos + r I, 9,n>2
n
1 -2
L= [ dn g = Bl e
sin™ x (n—1)sin" "z n-1
5 1, = /x” coszdw; I, = " sinx + na" cosx —n(n — 1)1, o, n > 2
dx T 2n — 3
6. I,= [ ——-—:1,=— I,_1,n>1
/ (22 — a?)" 2a%(n — 1)(22 — a?)n! * 2a2(n — 1) " "
7 In:/—x;ln:% vrta 2an Lon>1
VT +a 2n+1 2n+1
8. I, = /(lnx)"dac; I, =z(lnx)" —nl, 1,n>1.
! 2n
9. In:/ "1 —xdr; I, = 3[n,1,n22.
o _
3.5 Trigonometric Integrals
Evaluate
d
1. /—I 9. /tan xdx
1 —-cosz
d
2. /sm  cos xdx 10. / . T . d
sin® x cos* x
3. /sm 3z sin bxdx
11. /sm Hx cos xdx
4. /Cos—cos—dx
12. /cosxcos 2x cos 3xdx
5. /cos xdx
13. /cosg’xsim3 zdx
6. /sm xdx
7 / 14. /cos5:csin4 zdx
cos r sin® x
8. /SmeOS * 15. /s1n2xcos4xdx
1+ cos?z
3.6 Trigonometric Substitution

Evaluate the following integrals by trigonometric substitution.

15



1 IQ d 6 /d—l’
'/1+x2 . ) VA F 22
d
2. /—:1:3 7. /x2x/16—:c2dx
(1= o)}
dx
1tz 8 [ ———
3/ 1—l‘dl‘ $2 /.T2+4
dx
(1+22)3 (42* +1)
2 1
5./ vd 10. /—3/2
V9 — a2 (22 — a?)

3.7 Rational Functions

Evaluate the following integrals of rational functions.

L[ 2 [T,

2 /3gfxdx 0 /(x—kl;i(iﬂ—i—l)

3. / (iigz dz 10. / ngx;f“’;__xg_?’dx
g /(3:2—26)1?:(;2—1-3) 12 /ﬁ

. | <a:+xlz>2+<; —y® . [ <x—1><§2iiz><x—3>
" / (xz—im)?’d” H / ﬁ(ﬁid;“z)

3.8 t-method

Use t-substitution to evaluate the following integrals.

d d
]_. / N f 3- /%
sin® x sin x cos*

9. /d—x 4. /d—x
1+sinx 2+sinx




1—coszx
5. /—d
3+ cosx

T

1
6. / _cose+l
sinx + cosx

3.9 Piecewise Functions

Find / f(x)dx for the following functions f(z).

4r — 1,

3
Vi

r<l1 3. f(z)=|z—3|

x>1 1
- 4. =
f(@) 1+ |z|

5. f(x) = 3|z* — 4|

x>0 6. f(z)=|Inz|

17
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4 Further Problems

rsinx
1. (a) Evaluate lim ——.
z—01 — cosx

(b) Using (a), evaluate lim (1 — cos x)ﬁ
x—07F

2. Let f and g be differentiable functions defined on R satisfying the following condi-
tions:

o f'(x)=g(z) for x € R;
o ¢(x)=—f(z) for z € R;
e f(0) =0 and g(0) = 1.

By differentiating h(x) = [f(z) — sinz]? + [g(z) — cosz]?, show that f(z) = sinx
and g(x) = coszx for x € R.

3. Let a > b > 0 and define

T b 1/z
(a —2i_ ) for x>0,
flz) =

Vab for z=0.

(a) (i) Evaluate lirgl+ f(x).
T—
Hence show that f is continuous at x = 0.
(ii) Show that lim = a.
T—00
(b) Let h(t) = (1+¢)In(1+¢)+ (1 —¢)In(1 —¢) for 0 <t < 1 and g(x) = In f(z)
for x > 0.

(i) Show that A(t) > h(0) for 0 < t < 1.

T L

(ii) For z > 0, let t = a Show that 0 < ¢t < 1 and

a® 4+ b*’

a®*lna® + b* Inbdb* 2

(iii) Show that for z > 0,

9 a®Ina® + 0" Inb* 2
= l .
X g (I) a® +b:): I a® +bz

Hence deduce that f(x) is strictly increasing on [0, 00).

4. Let f be real-valued function on [0, 1] and differentiable in (0, 1). Suppose f satisfies
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Define F(z) = 2/033 f@)dt — [f(x)]? for x € [0,1].
(a) Show that F'(z) > 0 for = € (0,1).

(b) Show that / eyt > %
0

5. Let u: R — R be a twice differentiable function satisfying the following conditions:

o u'(z) = —u(z) for all z € R;

Define v(z) = u(x) — sinz for all x € R.
By differentiating w(x) = [v(x)]? + [v'(2)]?, prove that u(z) = sinz for all z € R.

6. (a) Let f be real-valued function defined on an open interval I and f”(z) > 0 for
x el
(i) Let a,b,c € I with a < ¢ < b. Using Mean Value Theorem, show that
fle) = fla) _ f(b) = fle)

c—a b—c

Hence shwow that

b—c c—a

T fa) +

fle) <
(ii) Let a,b € I with a < b and A € (0,1), show that
@ <X+ (1—\b<b.

Hence show that f(Aa+ (1 —A)b) < Af(a)+ (1 — ) f(D).
(b) Let 0 < a < b. Using (a)(ii), show that
(i) if p>1and 0 < A < 1, then

[Aa+ (1= NP < Aa? + (1 — NP
(ii) if 0 < A < 1, then Aa + (1 — A\)b > a*b! =,

7. For any real number z, let [z] denote the greatest integer not greater than z. Let

f :R — R be defined by

when x is an integer,
fz) =

1
x — [x] — = when x is not an integer.
2

(a) (i) Prove that f is a periodic function with period 1.
(ii) Sketch the graph of f(z), where —2 < z < 3.
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(iii) Write down all the real number(s) x at which f is discontinuous.

(b) Define F(z) = / f(t)dt for all real numbers x.
0

I‘Q—JI

2
(ii) Is F a periodic function? Explain your answer.

(iii) Evaluate/ F(z)dx.
0

(i) If 0 <z < 1, prove that F(z) =

8. (a) Let f:R — R be a twice differentiable function. Assume that a and b are two
distinct real numbers.

(i) Find a constant k (independent of ) such that the function
h(z) = f(z) = f(0) = f'(x)(x = b) = k(z — b)”

satisfies h(a) = 0. Also find h(D).

(ii) Let I be the open interval with end points a and b. Using Mean Value
Theorem and (a)(i), prove that there exists a real number ¢ € I such that

! fﬂ(c> 2
f(0) = fla) + f(a)(b—a) + ——=(b—a)".
(b) Let gR — R be a twice differentiable function. Assume that there exists a real

number § € (0, 1) such that g(z) < g(8) =1 for all x € (0, 1).
(i) Using (a)(ii), prove that there exists a real number v € (0,1) such that

o =1+L00 g

(ii) If ¢"(z) > —2 for all = € (0,1), prove that ¢g(0) + g(1) > 1.
9. Let f: R — R be a function satisfying the following conditions:

o flxty)=e"fly)+ef(x) forall z,y € R;

e lim m = 2005.
h—0 h

(a) Find f(0).
(b) Find }llirr(l) f(h). Hence prove that f is a continuous function.
4>

(¢) (i) Prove that f is differentiable everywhere and that
f'(z) = 2005¢* + f(x)

for all z € R.
(ii) Let n be a positive integer. Using (c)(i), find f™(0).

(d) By considering the derivative of the function M, find f(x).
ex

w/2
10. Let ]m:/ cos™tdt where m =0,1,2,....
0
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(a) (i) Evaluate Iy and I.
—1
(ii) Show that I,, = m-- m—o for m > 2.
m
Hence, evaluate I, and Iy, for n > 1.

(b) Show that Is, 1 > I, > Is,4q for n > 1.

1 2.4-6---(2n) 17
Let A, = h =0,1,2,....
(c) Le 2n+1{1-3-5~--(2n—1)} where n =0
2 1
(i) Using (a) and (b), show that nr A, > g > A,

(ii) Show that {A,} is monotonic increasing.

. 1 2.4.6---(2n) 17
Evaluate 1 '
(iii) Vauaenl—{EOZn—i-l{1'3'5"'(2“_1)]

11. (a) Let f be a non-negative continuous function on [a, b]. Define

F(x) = / f(t)dt
for x € [a, b].
Show that F is an increasing function on [a, b].
b
Hence deduce that if / f(t)dt =0, then f(z) =0 for all z € [a,b].

b
(b) Let g be a continuous function on [a,b]. If [ g(z)u(z)dx = 0 for any contin-

uous function u on [a, b], show that g(x) = 0'for all = € [a, b].

(c) Let h be a continuous function on [a, b]. Define

1 b
A= h(t) dt.
b_a/a (t) dt

b
(i) If v(xz) = h(x) — A for all z € [a, b], show that / v(z)dr = 0.

b
(i) If / h(z)w(z)dx = 0 for any continuous function w on |a,b] satisfying
X a
/ w(z) dx = 0, show that h(x) = A for all z € [a, b].

12. Let n be a positive integer.

2n

1 2 2n—2
(a) Showthatl_t2:(1+t+t_|_...+t )+1—t2

(b) For —1 < x < 1, show that

for t2 # 1.

ot 1
i ——dt =In ——.
(1)/0 ]_—t2 n /1—l’2

xt2n+1 1 x2 .T4 x2n
i S dt=ln——— — [ T ),
(11)/O T N (2+4+ +2n>
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(c) Sho that()<ln3—ii 8 k< ) 8 "
" = 2.9k \9) “om+2\9)

=1
Hence evaluate E %
k=1

(a) Let f: (=1,1) — R be a function with derivatives of any order. For each
m=1,2,3,...and z € (—1, 1), define

1 ! m—1 ¢(m
Im:—)!/o (z — )™ L™ (1) dt.

13.

(m—1
(m)
(i) Prove that I,41 = I, — / (O)xm
m!
(ii) Using (a)(i), prove that
mlp(e)
fla) =31 k,(o):c’“ + I,
k=0 ’

where f(O = f.

(b) Define g(x) = \/ﬁ

(i) Prove that

for all x € (—1,1). Let n be a positive integer.

(1-2%)g'(x) — 2g(z) = 0.

Hence deduce that

(1—2?)g"*V(2) — 2n+ g™ (x) —n’g" V(z) =0,

where ¢ (z) = g(z).

(ii) Prove that 9(2”*1)(0) =0 and g(2n)(0) — ((2(3)781")) .

(iii) Using (a), prove that

— ¥ o 1 ’ Mm—1_(2
g(x) :Z o + (2n—1)!/0 (z — )2 @M (¢) dt.

k=0
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5 Answers

1. Preliminaries
Section 1.1: Functions

l.z>4do0rx< -2

2. Not a graph of a function, because there are values of x that correspond to more
than one value of y.

3. z=0orz=1

4. (a) False

L (a) o (©) 1 (e) 5
(b) 4 (d) =

2. (a) 322 —4 (c) -
(b) %= (d) =

3 () f0) =

™ In7 + 423
2(m® 4 x4)3/2
;27 1—In(22)
a2 223/2
e — 2xe™ " + 5y/x
d(e=* + \/x)3/?
174 2
(e) v/(z) = ——5 — =

142 oz

() W(z) = eV

() W) =

dy 1 Lo, 2 03
Cdr Inf(z+1)(z+2)2x+33] \z+1 2+2 43
5. 689

6. (a) False
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Section 1.3: Applications of Derivatives

1. (=1,4) or (3,12)
2. a=-3,b=3¢=0

@

— meters per hour
97

4. (a) The equation of the tangent T to C' at P is y = 2.
The equation of the normal Np to C' at P is x = 1.
(b) The equation of the tangent Ty to C' at Q) is y = —3z + 4.
(x,y) = (0,4) satisfies the equation of Tg,.

h3
5. (a) V= %

3
(b) The water level is falling at a rate of 1g O per secondwhen the depth of water

is 4 cm.
. .4
6. (a) The y-intercept of C is —3

2
The z-intercepts of C' are —3 2.

dy 1
b) —=1- .
(b) dx (1+2)?
d2y_ 2
dz? (1 + )3

16 4
(¢) The turning points of C' are (—2, —?) and (0, _5)

(—2, —3) is a relative maximum.

4
(0, _§) is a relative minimum.

7
(d) The asymptotes of the curve C are the lines x = —1, y = = — 3
(e)
+kr+9
7. The function f(z) = %, where £ is a constant, attains a stationary value
x

at r = 3.
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(a) k= —6.
(b) i. The z-intercept is 3. The y-intercept is 9.

1
ii. The turning points of the curve C' are (—g, 10), (3,0).

1
<——, 10) is a relative maximum. (3,0) is a relative minimum.

iii. The only asymptote of C' is y = 1.

()

8. Let ¥ be a sphere with (fixed) radius R.

(a) Suppose I' be a right circular cylinder inscribed in the sphere X, with height
h, radius r, volume V' and surface area A.

i. V =2mr2/R? —r2,
ii. A=2nr?+4rrvR?—r2
4 R?
(b) The largest possible value of V' is iy
3v/3

(c) The largest possible value of A is 3w R2.

9. Let 8 € (1,+00). Let f : (0,4+00) — R be the function defined by f(z) =
2? + B —1— Bz for any x € (0, +00).

(a) i f'(z) = B2’ — B for any x € (0, +00).
ii. Suppose 0 < x < 1. Then 0 < 277! < 1. Therefore f'(x) = B(z°~1 — 1) <
0.

Hence f is strictly decreasing on (0, 1].
iii. Suppose x > 1. Then 2°~1 > 1. Therefore f'(z) = B(x’~! — 1) > 0.
Hence f is strictly increasing on [1, +00).
iv. f attains the the minimum at 1 on (0, +o00), with f(1) = 0.
(b) Let r € (—1,400). 147 € (0,400). Then f(1+r) = (14+7)°+5—1—B(1+7) >
0.
Therefore (1 +7)% > 1+ Br.

Section 1.4: Integration
205 + 27+ C
42— 31+ C

1. (a) 272 —92° + 225 — La" + C (c
(b) %x3—125x4+30x5—%x6+%x7+0 (d

1

)
)
¢) —5aam +C
)
)
)

2. (a) —3V/2—-5z+C (
(b) 3¢* —e" +a+C (f) —te* 4+ C
(c) —V1—22+C (g) n(2+e*)+C
(d) 11 +a%5 +C (h) z —In(1+e") +C
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(a) 5 (c) g
(b) 3 (d) 3
(a) % (c) 9 (e) 7
(b) (d) 3 (f) 3
(a) An equation of the curve C'is given by y = —2% + 42 — 3.
4
b) =
OF
3
(a) An equation of the curve C' is given by y = % —2z+ 1.
(b) (0,1)
(a) a=—-1,b=2.
37
b) 2=
OF

1
. An equation of the curve C'is y = 322 — — — 2.
x



2. Differentiation
Section 2.2: Limits and Continuity

1. (a) 1 (e) 3
(b) § (f) 4
(c) 2 (&) 3
(d) 2 (h)
2. (a) 0 (8) —
(b) 3 (h) —
(c) 3 (i) 3
(d) 3 () -
(e) 3 (k) 0
(f) % ()1
Section 2.3: Derivatives
1. (a) 0 (c) 0
(b) not differentiable (d) —2
2.a=-1,b=m
3.a=0,b= %
4. (a) 32?4
(b) (z—1)/2%
(c) (5x* + 2x)e™
(d) —sinz Inz + cosx/x
(e) cos2x
(f) (3sinz —1)/cos®x
(g) cotx —xesc®x
(h) 10/(x + 2)?
(i) 1—2/(z+1)?
(j) (zcos(x) —sinx)/x
(k) (2ztan?x — tanx + 2z) /2232
(1) 14z(z* +1)°
(m) 22%/Vat +1

[ \)

(

n

(o

(

p

27

—~
—~ YaS —
—_ = %l N
—
w

E

= T ©

—~
\_/\_/\_/\_/E/\_/ — — ~— ~—
S O O W W wi=

~—~
L]

(e) not differentiable
(f) 0

—2x sin(z?)
(323 + 22 + 1)e”"+*
1/(zlnz)

(a) cos(x)es®

(
(

(
(s
(

T

t

u

1/(a? )3/2
1/vVa?+
(14 2v/x)/(4y/x/x + x

sinh 2z

sinh z

V) SN + sinh z

(w) cothzx

(
(

y

)
)
)
)
)
)
)
)
)
)
)
)

x) 1/ <2 (1—x))

—x /(2% + 1)3/2
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(a) 3*In3 (d) zv==12(In(z)/2 + 1)
(b) — In2sin(z)2°5() (e) (cosx)*™*~1(cos? x + In(cosz) cos? z — 1)
(¢) (In(x) + 1)a® (f) 22 (x(lnx)® +xlnz +1)/x
x 1
6. (a) > (@) ——
2 2 2z + 2y
(b) _y 3y (e) () — 2y — 2
2+ 22y x cos(zy y— 2z
5 ysin(y/x) 1
3z — 2y (f) S
(c) 2z — 3y? x—}ry + %
7. (a) 7 2e” +aze” 4+ dxie” () _8332 + 6y°
(b) —3z(1 +a?)~3 oy
6 4,3 Q17
(0) —%lnx n 32 © 10(225y + 3a%y® — 81y7)
x x

22(22 — 9y?)?
cos® x + 2sin® z cos x

cos* x (h) 2-3" In3+4 - 223% (In 3)?
—2z 4 5
(€) (14 22)2 (i) = (Inx)? + ﬁ(l —Inz)

8. Prove that the Chebyshev polynomials

Ton(z) = cos(meos ' x), m=0,1,2,---

2m—1

satisfy
(1 — 2T () — 2T, (z) + m* T (z) =0

Proof. By direct computations,

m sin(m cos™! x)

T (x) =
) = T
and
s« m [axsin(mcos™ z) m .
T, (z) = o1 ( 0 172)% — {2 cos(mcos™ ) | .
Hence,

(1 — 2T (x) — 2T (x) + m>Tp,(z)

m [ zsin(mcos™ ) m _
= (1 — ZEQ) om—1 ( (1 _ xQ)% - 1 — 72 COS(m COS 1 ,17))
msin(m cos™! z) 1

— X —I—m2

o112 om

-1
— cos(mcos™ x)

=0.
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9. Prove that the Legendre polynomials

1 d™
P = (2*-1)"m=0,1,2,---
m(x) 2mm| dl'm (fL’ ) m 07 )~y
satisfy
(1 —2*)P!(z) — 22P () +m(m + 1)P,(x) =0
Proof. Let g(z) = (2*> — 1)™, then P, (z) = ﬁ%g(m).

Because

d

—%(12 — )™ = 2ma(z* — 1),

therfore,
d 2 1)m
—%(LEQ — 1)+ 2ma(2® — 1) = 0.

We get

—¢'(z)(2* = 1) + 2mag(z) = 0

amt / 2

g (—¢'(z)(2® — 1) 4+ 2mzg(z)) = 0.

Apply Leibniz’s rule,

— (g (2) (2 — 1) + CP gD () - 22 + CF gt () - 2)

= +9m (g(m+1)(x) x4+ Ciﬂ—&-lg(m) (x)) -0
= (1—22)g™D(z) — 22¢" () + m(m + 1)g"™ (z) = 0
1 -~ i )
= Sa (1 = 22)g™* () — 226D (2) + m(m + 1)g™ (x)) = 0
= (1 —2*)Pp(z) — 2zP,(z) + m(m + 1) Py (z) = 0.
O

10.
11.

Section 2.4: Mean Value Theorem and Taylor’s Theorem

1. Let f(z) = 2P and apply the mean value theorem on [z,y], there exists ¢ € (z,y)
such that

r—=y
Note that y < ¢ <z and p > 1, so y?~! < ¢~ < 2P~!. Therefore,

pyP < < paP~ L.

The result follows by multiplying (z — y).



30

2. Applying mean value theorem, there exist a and b such that z; < a < x5 < b < 23

and . . . .
sin x9 — sin x sin x3 — sin xs
———————— =cosa and —————= = cosb.

To —T1 T3 — T2

Since cos x is strictly decreasing on [0, 7], cosa > cosb and the result follows.

1

3. Let f(z) =1In(1+ ), for x > 0, then f'(z) = 112 By mean value theorem, there
exists ¢ € (0,z) such that

In(l1+2)—-In1 1

(1+2)—-1  1+c
x

In(1 =

(1+2) 1+c

Since 0 < ¢ < x, we have < < x. Hence
1+2 1+4c¢

T2 <In(l+z) <.

1
Since the above inequality holds for all x > 0, we can replace x by — to obtain
x

1/_:5 <In{1l+ 1 < 1 Therefore,
1/x) x

1+ ( x
1
<ln(1+1> <1.
14+ T T

4. Let f(z) =% %+ = 24+ S n+1 - Applying mean value theorem, there exists
ce (0,1) such that

f(1) - f(0) :
N
BB I et al ot ap”
2 3 n+1 0 "

Therefore, the equation has a root ¢ in (0, 1).

5. Applying the mean value theorem on [0, a] and [b, a + b], there exist p € (0,a) and
q € (b,a + b) such that

fla) = f(0)
a—20

fla+b) - f(b)

=) and (atb)—b

= f'(q).

Since f'(x) is monotonic increasing on (0, 00), f'(
f(a) fla+0b) - f(b)

Fla+b)— £)
fla+0b)

'(p) < f'(q). Therefore,

VARVAN
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6. Let x,y € R. The inequality is automatically satisfied if z = y, so we only need to
consider z # y. Now, suppose x > y. Applying the mean value theorem on [y, z],
there exists ¢ € (y, z) such that

7.

sinx — siny

r—y

=cosc < 1.

Therefore, |sinz — siny| < |z — y|. Similarly, it holds for the case y < x. Thus,
sin x satisfies the Lipschitz condition on R by taking L = 1.

(a)

(b)

Applying the mean value theorem on [k, k + 1], there exists ¢ € (k, k + 1) such

e FE D) FB)
+ _ /
A
Note that, k < ¢ < k+1 and f’(x) is strictly decreasing for z > 0, so f'(k+1) <
f'(¢) < f'(k). Therefore,

f'k+1) < f(k+1) = f(k) < f'(K).

By the result in (a), for k =1,2,...,n,

f'k+1) < flk+1) = f(k) < ['(k).

Therefore, Y  f'(k+1) < Y (f(k+1)— f(k)) < > _ f'(k). Simplify this
k=1 k=1 k=1
inequality, we have the result

PR+ @)+ 4 f(n) < fln) = fQ) < D)+ FQ2) 4+ [(n—1).

LE2 1’3
x—?—i-?

LCQ I4 I6
14+ 42 4 =
Ty Tt o

2 xP
T T 120

n=0
m(_l)% T\2n 1 Ty 1 T4
2w gl g gle =90t
Oo € n __ € 2
;H(x—n =ete(r—1)+ 5@ —1)7"+

2 5133
Py(z) =+ — + —
s(r) =vt 5+

In0.99 = f(0.01) ~ P;(0.01) = 0.01005033
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11. (a) Firstly, since f is odd, —f(0) = f(—0). Therefore, f(0) = 0. Then we have,

~f@) = f(-2)
~fw) = ~f(-)
fa) = J(-a)
@) = (=)
1) = f(-)

As we can see, f' is an even function and f” is an odd function again. By
repeating the above, it can be shown that f(*® is an odd function and so

12(0)

f@m)(0) = 0 for all positive integers n. The result follows as ag, = @n) =0
n)!
b) Similar to (a), what we have to show is f2"~1(0) = 0 for all positive integers
(b) , p g
n.

Section 2.5: L’Hopital’s Rule

1. (a)
(b)

()

(d)
)

)

o
S
0]
— ol ol

e In2 (q

—

o
S N N N N N
W H — Nw o

= wi wi= O N
S— N— N— N— N— N—
N
—~
=

(
(
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3. Integration
Section 3.1: Fundamental Theorem of Calculus

L) (@) 3t (g) Buter”) — gemmnts
x
(b) esin2e (e) cosx cos(sin? 1)

(© VIt () 2n20)? — (o> M) ¢1£

Section 3.2: Substitution

1. —%m+0 12. z —In(1+4¢")+C

2. 3¢ —e"+x+C 13. gs(a® +2)1° + C

3. _VI—22+C 14. =25 — 22+ C

4. 1 +2%5 +C 15. 1322+ 1+ C

5. —5em +C 16. =29 —23+C

6. 2tan~! /z + C 17, @G22 @D o
7. cos T +C 18. (2 — 5)v4z +5

8. —le® 4+ C 19. 2(z —1)*?(3z +2)
9. In(2+¢*) + C 20. 2(x —1)32(z +4)

10. tan~te® + C 21. 2(z — 18)Vz +9

11. —In|cosz|+C 22. L (302 4+ 1)* (922 — 2)

Section 3.3: Integration by Parts

1. zlnz -z +C 10. zln(z +V1+22) —V1+22+C
2. %(lnx—%)—l—o 11. z;—§Si112zzc—%<3os2$—{—0
3. =i((Inz)*+ 2z +2)+C 12. 3(sin(Inz) — cos(lnz)) + C
4. —(z+ e +C 13. s=sin(4x) — sz cos(4x) + C

2z

5. —2(22% + 20 +1) + C 14. cos(b —z) —zsin(b —xz) + C

15. wcos™H(z) —V1—a22+C
16. § (—ov1 — a2+ 22% cos™ (2) + sin™ ' (z)) +

6. zsinx + cosx + C

7. —#cost%—%sian—i—C C
8. wsin"'z+V1—a224C 17. ztan™!(z) — 3 log(z? +1) + C

9. —2 4 L2l fan-lp 4 ¢ 18. 3z’ tan™!(z) — § + 5 tan~'(z) + C



19.
20.

21.

27 + xIn’(z) — 2 ln(x) +C

1(1)0 100 log(z) — 10000 5+ C

1 log()
100002100 1002100

+C

Section 3.5: Trigonometric Integrals

1.
2.

Section 3.6: Trigonometric Substitution

4.

S5

V1= a2

—cot%—i—C’
%sin6x+C

%sian— 1—1681118:17—|—C'

. 3Sln —I——Sm——i—C

sinx—%sin z+C

. §x—}lsin2x+3—gsin4x+0

8

1 1 14sinx + C

l—sinx

sin x

. —2cos’z + 1In(1 + cos’z) + C

.rx—tanlz 4+ C

X

+C

—V1—=22+sin"tz+C

X

V14 2?2

+C

9
) —sin’lz—g\/Q—ﬁ—i—C’

2 3
Injz+v4+22|+C

Section 3.7: Rational Functions

_ 3,2, 1.3
. 9z 5T7 + 3%

. —r+iln|EE|[+C

— 27|34z +C

x4+ In(l+2%)+C

1
ln’x+3|+c’

1 x
10f m+f|__tan AHC
x—H+lln|x2—1|—|—C

22.

23. 1—362

10.
11.

12.
13.

14.

15.

10.

10.
11.

12.

34

ztan(z) + In(cos(z)) + C

T(3sin(3z) + 2 cos(3x)) + C.

tant _ tan T

- —In|cosz|+C

—8cot 2z — gco‘c3 20 +C

—%cosélx— %COS&E—FO

T sin 2z sin 4z sin 6z
4 + 8 + 16 + 24 +O

cos () cos®(x)
s s TC
sin®(x) 2sin” () sin®(x)
5 — =+ —5—-+C
1 5 : 1 3
—ECOS rsinr + gcos’xsinr  +

16 coszsinx + —:E+C’

Vi6 =22 <— - 2::;) +326in! (%) +
C

Rz

43:
v 4x2 1

V2 — 22

5x—6

T r2o 3:p+2+41n o ;|+C

an"lx 4+ 5111 mzﬂl +C

1 (3:—1—1
T+ 7In T

+C

1 -1
3 tan

r?4+2In|z+ 1]+ 3Injz — 3]+ C

-1,._ _1 x2+1
tan™" x zfl—i-ln(w N

+C

+In|z| - iln(z?+1)+C

D
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13. 2In(z—3)—4In(z—2)+iln(z—1)+C 14, LIn (ﬁ) —stan*(1—2)+C

W~

Section 3.8: t-method

1 —22 + llnftan Z[ + C

2sin“ x

2. tanx —secx +C

3. 4+~ +n|tani|+C

cos 3cos3

4. \%tauf1 (—Qtan §)+1> +C

5. 2v/2tan™! (%) —z+C

—~

S

S

6. %(:c + In(sinz + cosz + 3)) — \Lﬁ tan—1 (M) Lc

Section 3.9: Piecewise Functions

272 — 1
1. F(z)+ C where F(z) = T oEks, o<
6/, r>1

e x <0
2. F(x)+ C where F(z) = { 2 o
Zosindet? > ()

3. |x—3\2(x—3) +C

—In(1—2), <0

4. F(x)+ C where F(z) = {ln(1+:c) >0

% — 12z, T < —2
5. F(z) + C where F(z) = ¢ —23+ 120+ 32, —-2<z<2
23— 120+ 64, x>2

z(l —Inz), 0<z<l1

6. F($)+0WhereF(x):{x(lnx_1)+2 r>1



